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A CLASSIFICATION OF IRREDUCIBLE WAKIMOTO MODULES FOR THE AFFINE LIE
ALGEBRA A
(1)
1
DRAZˇEN ADAMOVIC´
ABSTRACT. By using methods developed in Adamovic´ (Comm. Math. Phys. 270 (2007) 141-161)
we study the irreducibility of certain Wakimoto modules for ŝl2 at the critical level. We classify all
χ ∈ C((z)) such that the correspondingWakimoto moduleWχ is irreducible. It turns out that zeros
of Schur polynomials play important rule in the classification result.
1. INTRODUCTION
In the representation theory of affine Kac-Moody Lie algebras, represenations at the critical
level belong to one of the most important cases. The Kac-Kazhdan conjecture for characters
motivates explicit realizations of irreducible highest weight modules at the critical level. These
representations can be realized by using Wakimoto modules (cf. [F], [FF1], [FF2], [FP], [S], [W]).
In [A2] we introduced an infinite-dimensional Lie superalgebraAwhich is a certain limit of N=2
superconformal algebras obtained by using Kazama-Suzuki mappings (cf. [A1], [FST], [KS]).
We also constructed a family of functors which send irreducible A–modules to irreducible mod-
ules for the affine Lie algebra A
(1)
1 at the critical level. By using this construction we proved
irreducibility of a large family of Wakimoto modules Wχ parameterized by χ ∈ C((z)). In this
paper we shall completely solve the irreducibility problem for Wakimoto modulesWχ. We shall
describe all χ ∈ C((z)) such thatWχ is irreducible.
We first considerA–modules F˜χ constructed by using representations of the infinite-dimensional
Clifford algebra and also parameterized by χ ∈ C((z)). The functor L0 sends F˜χ to theWakimoto
moduleW−χ (cf. [A2]). ThenW−χ is irreducible A
(1)
1 –module if and only if F˜χ is irreducible A–
module (cf. Theorems 5.2 and 5.3). So we only need to classify χ ∈ C((z)) such that F˜χ is
irreducible. By combining results from [A2] and results from the present paper, we obtain the
following classification result.
Theorem 1.1. Assume that χ ∈ C((z)). Then the Wakimoto moduleW−χ is an irreducible A
(1)
1 –module
(resp. F˜χ is irreducible A–module) if and only if χ satisfies one of the following conditions:
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(i) There is p ∈ Z≥0, p ≥ 1 such that
χ(z) =
∞∑
n=−p
χ−nz
n−1 ∈ C((z)) and χp 6= 0.
(ii)
χ(z) =
∞∑
n=0
χ−nz
n−1 ∈ C((z)) and χ0 ∈ {1} ∪ (C \ Z).
(iii) There is ℓ ∈ Z>0 such that
χ(z) =
ℓ+ 1
z
+
∞∑
n=1
χ−nz
n−1 ∈ C((z))
and Sℓ(−χ) 6= 0, where Sℓ(−χ) = Sℓ(−χ−1,−χ−2, . . . ) is a Schur polynomial.
We also prove that when the Wakimoto module W−χ is reducible, then it contains an irre-
ducible submodule.
Although the methods used in this paper can be mainly applied for the affine Lie algebra A
(1)
1 ,
we believe that the main classification result can be extended for higher rank case. We hope to
study this problem in our future publications.
We would like to thank the referee for his valuable comments.
2. CLIFFORD VERTEX SUPERALGEBRAS
The Clifford algebra CL is a complex associative algebra generated by
Ψ±(r), r ∈ 12 + Z,
and relations
{Ψ±(r),Ψ∓(s)} = δr+s,0; {Ψ
±(r),Ψ±(s)} = 0
where r, s ∈ 12 + Z.
Let F be the irreducible CL–module generated by the cyclic vector 1 such that
Ψ±(r)1 = 0 for r > 0.
As a vector space,
F =
∧
(Ψ−(−n− 12), n ∈ Z≥0)⊗
∧
(Ψ+(−n− 12), n ∈ Z≥0)
where
∧
(xi, i ∈ I) denotes the exterior algebra with generators xi, i ∈ I .
Define the following fields on F
Ψ+(z) =
∑
n∈Z
Ψ+(n+ 12)z
−n−1, Ψ−(z) =
∑
n∈Z
Ψ−(n + 12 )z
−n−1.
3The fieldsΨ+(z) andΨ−(z) generate onF the unique structure of a simple vertex superalgebra
(cf. [K2], [FB]).
Define the following Virasoro vector in F :
ω(f) =
1
2
(Ψ+(−32 )Ψ
−(−12) + Ψ
−(−32 )Ψ
+(−12))1.
Then the components of the field L(f)(z) = Y (ω(f), z) =
∑
n∈Z L
(f)(n)z−n−2 defines on F a
representation of the Virasoro algebra with central charge 1.
Set
J (f)(z) = Y (Ψ+(−12)Ψ
−(−12)1, z) =
∑
n∈Z
J (f)(n)z−n−1.
Then we have
[J (f)(n),Ψ±(m+ 12)] = ±Ψ
±(m+ n+ 12 ).
Let F˜ = KerFΨ
−(12 ) be the subalgebra of the vertex superalgebra F generated by the fields
∂Ψ+(z) =
∑
n∈Z
−nΨ+(n− 12)z
−n−1 and Ψ−(z) =
∑
n∈Z
Ψ−(n + 12 )z
−n−1.
Then F˜ is a simple vertex superalgebra and it is 12Z≥0–graded with respect to the operator
Lf (0). Let us describe the basis of F˜ . A superpartition is a sequence λ = (λn)n∈Z>0 in S ∪ {0},
S ⊂ Q+, such that
λ1 > λ2 > · · · and λn = 0 for n sufficiently large.
Define the length of partition by ℓ(λ) = max{n | λn 6= 0}. If ℓ(λ) = ℓ we write λ = (λ1, . . . , λℓ).
Let φ denotes the superpartition with all the entries being zero. Then we define ℓ(φ) = 0.
Let P be the set of all superpartitions in (12 +Z≥0)∪ {0} and P be the set of all superpartitions
in (32 + Z≥0) ∪ {0}. Then we have
P = ∪∞r=0Pr, P = ∪
∞
r=0Pr
where P0 = P0 = {φ}, and
Pr = {λ = (λ1, . . . , λr) ∈ (
1
2 + Z)
r| λ1 > λ2 > · · · > λr ≥ 1/2}
Pr = {λ = (λ1, . . . , λr) ∈ (
1
2 + Z)
r| λ1 > λ2 > · · · > λr ≥ 3/2}.
For λ = (λ1, . . . , λr) ∈ Pr , µ = (µ1, . . . , µs) ∈ Ps we set
vλ,µ := Ψ
−(−λ1) · · ·Ψ
−(−λr)Ψ
+(−µ1) · · ·Ψ
+(−µs)1
vλ,φ := Ψ
−(−λ1) · · ·Ψ
−(−λr)1, vφ,µ := Ψ
+(−µ1) · · ·Ψ
+(−µs)1,
vφ,φ = 1.
Then the set
{vλ,µ |(λ, µ) ∈ P × P}(2.1)
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is a basis of F˜ .
3. THE VERTEX SUPERALGEBRA V AND ITS MODULES
In this section we shall recall definition of the vertex superalgebra V and certain results from
[A2]. Let M(0) = C[γ+(n), γ−(n) | n < 0] be the commutative vertex algebra generated by the
fields
γ±(z) =
∑
n<0
γ±(n)z−n−1.
(cf. [F]). Let χ±(z) =
∑
n∈Z χ
±
n z
−n−1 ∈ C((z)). Let M(0, χ+, χ−) denotes the 1–dimensional
irreducible M(0)–module with the property that every element γ±(n) acts on M(0, χ+, χ−) as
multiplication by χ±n ∈ C.
Let now F be the vertex superalgebra generated by the fields Ψ±(z) and γ±(z). Therefore
F = F ⊗ M(0). As in [A2], denote by V the vertex subalgebra of the vertex superalgebra F
generated by the following vectors
τ± = (Ψ±(−32) + γ
±(−1)Ψ±(−12 ))1,(3.2)
j =
γ+(−1)− γ−(−1)
2
1,(3.3)
ν =
2γ+(−1)γ−(−1) + γ+(−2) + γ−(−2)
4
1.(3.4)
The vertex superalgebra structure on V is generated by the following fields
G±(z) = Y (τ±, z) =
∑
n∈Z
G±(n+ 12)z
−n−2,(3.5)
S(z) = Y (ν, z) =
∑
n∈Z
S(n)z−n−2,(3.6)
T (z) = Y (j, z) =
∑
n∈Z
T (n)z−n−1.(3.7)
Denote by A the Lie superalgebra with basis S(n), T (n), G±(r), C , n ∈ Z, r ∈ 12 + Z and
(anti)commutation relations given by
[S(m), S(n)] = [S(m), T (n)] = [S(m), G±(r)] = 0,
[T (m), T (n)] = [T (m), G±(r)] = 0,
[C,S(m)] = [C, T (n)] = [C,G±(r)] = 0,
{G+(r), G−(s)} = 2S(r + s) + (r − s)T (r + s) + C3 (r
2 − 14 )δr+s,0,
{G+(r), G+(s)} = {G−(r), G−(s)} = 0
for all n ∈ Z, r, s ∈ 12 + Z.
5By using the commutator formulae for vertex superalgebras, we have that the components
of fields (3.5)-(3.7) satisfy the (anti)commutation relation for the Lie superalgebra A such that
the central element C acts as multiplication by c = −3. Let Vcom be the commutative vertex
subalgebra of V generated by the fields T (z) and S(z). Clearly, Vcom ∼= MT (0) ⊗MS(0), where
MT (0) (resp. MS(0) ) is the subalgebra of V
com generated by the field T (z) (resp. S(z)).
Recall that V admits the following Z–graduation:
V =
⊕
m∈Z
Vm
Vm = span
C
{G+(−n1 −
3
2) · · ·G
+(−nr −
3
2)G
−(−k1 −
3
2) · · ·G
−(−ks −
3
2)w|
w ∈ Vcom, ni, kj ∈ Z≥0, r − s = m}.
Now we shall consider a family of irreducible V–modules.
For χ+, χ− ∈ C((z)) we set F (χ+, χ−) := F ⊗M(0, χ+, χ−).
Then F (χ+, χ−) is a module for the vertex superalgebra V , and therefore for the Lie superal-
gebra A.
SinceM(0, χ+, χ−) is one-dimensional, we have that as a vector space
F (χ+, χ−) ∼= F ∼=
∧
(Ψ±(−i− 12 ) | i ≥ 0).(3.8)
Now let χ(z) ∈ C((z)). Define:
F˜χ := F˜ ⊗M(0, 0, χ) ⊂ F (0, χ).
The operator Jf (0) acts semisimply on F˜χ and it defines the following Z–gradation
F˜χ =
⊕
j∈Z
F˜ jχ, F˜
j
χ = {v ∈ F˜χ | J
f (0)v = jv}.
The A–module structure on F˜χ is uniquely determined by the following action of the Lie
superalgebraA on F˜ :
G+(i− 12) = −iΨ
+(i− 12),(3.9)
G−(i− 12) = −iΨ
−(i− 12) +
∞∑
k=−p
χ−kΨ
−(k + i− 12).(3.10)
Now we shall first recall the following irreducibility result:
Proposition 3.1 ([A2], Proposition 5.2). Assume that p ∈ Z≥0 and that
χ(z) =
∞∑
n=−p
χ−nz
n−1 ∈ C((z))
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satisfies the following conditions
χp 6= 0,(3.11)
χ0 ∈ {1} ∪ (C \ Z) if p = 0.(3.12)
Then F˜χ is an irreducible V–module.
4. SCHUR POLYNOMIALS AND IRREDUCIBILITY OF F˜χ
In this section we shall extend the irreducibility result from Proposition 3.1. We shall always
assume that χ(z) has the form
χ(z) =
ℓ+ 1
z
+
∞∑
n=1
χ−nz
n−1 ∈ C((z)),(4.13)
where ℓ ∈ Z. Then theA–module structure on F˜χ is uniquely determined by the following action
of the Lie superalgebraA on F˜ :
G+(i− 12 ) = −iΨ
+(i− 12 ),(4.14)
G−(i− 12 ) = (ℓ+ 1− i)Ψ
−(i− 12) +
∞∑
n=1
χ−nΨ
−(n+ i− 12).(4.15)
By Proposition 3.1 we know that if ℓ is generic or ℓ = 0, then F˜χ is an irreducible module.
We shall consider the case when ℓ ∈ Z>0, and find a sufficient condition on χ(z) so that F˜χ is
irreducible.
For every s ∈ Z>0, we define
Ωs = Ψ
+(−s− 12)Ψ
+(−s+ 12) · · ·Ψ
+(−32)1 ∈ F˜χ.
We shall need the following lemma. The proof will use only the action of the operatorsG+(i−
1
2 ), i ∈ Z.
Lemma 4.1. Assume that U ⊂ F˜χ is any submodule, U 6= {0}. Then there is s ∈ Z>0 such that
Ωs ∈ U.
Proof. For λ ∈ P and t ∈ P , we set
G+λ =
{
1 if λ = φ
G+(λ1) · · ·G
+(λr) if λ = (λ1, . . . , λr)
G+−t =
{
1 if t = φ
G+(−t1) · · ·G
+(−tr) if t = (t1, . . . , tr)
Let v ∈ U , v 6= 0. Then v has unique decomposition
v =
∑
(λ,µ)∈P×P
Cλ,µvλ,µ (Cλ,µ ∈ C)
7in the basis (2.1). Let ℓ = max{ℓ(λ) | Cλ,µ 6= 0}. We can choose (λ¯, µ¯) ∈ P × P such that
(1) Cλ¯,µ¯ 6= 0, ℓ(λ¯) = ℓ,
(2) ℓ(µ) = ℓ1 = min{ℓ(µ)|µ ∈ T1}where T1 = {µ ∈ P | Cλ,µ 6= 0}.
If T1 = {φ}, we set f = G
+
λ
. Otherwise, let s ∈ Z>0 be such that
max{µ1 | µ = (µ1, . . . , µl) ∈ T1} = s+
1
2 .
If µ = (µ1, . . . , µℓ1) and 0 < ℓ1 = ℓ(µ) < s, there are unique t1 > · · · > tp, p = s− ℓ1, such that
{t1, . . . , tp} = {
3
2 , . . . , s+
1
2} \ {µ1, . . . , µℓ1}.
Define now t ∈ P in the following way:
t =
 φ if ℓ1 = s(s+ 1/2, . . . , 3/2) if ℓ1 = 0
(t1, . . . , tp) if 0 < ℓ1 < s
.
Then we set
f = G+−tG
+
λ
.
By construction we have that G+
λ
annihilates basis vectors vλ,µ such that ℓ(λ) ≤ ℓ, λ 6= λ, and
G+−t annihilates all vλ,µ , where µ ∈ T1 \ {µ}. Therefore,
fvλ,µ = 0 if Cλ,µ 6= 0 and (λ, µ) 6= (λ, µ),
fvλ,µ = νΩs (ν 6= 0) if T1 6= {φ},
fvλ,µ = ν11 (ν1 6= 0) if T1 = {φ}.
The proof follows. 
In order to present new irreducibility criterion, we shall first recall the definition of Schur
polynomials.
Define the Schur polynomials Sr(x1, x2, · · · ) in variables x1, x2, · · · by the following equation:
exp
(
∞∑
n=1
xn
n
yn
)
=
∞∑
r=0
Sr(x1, x2, · · · )y
r.(4.16)
We shall also use the following formula for Schur polynomials:
Sr(x1, x2, · · · ) =
1
r! det

x1 x2 · · · xr
−r + 1 x1 x2 · · · xr−1
0 −r + 2 x1 · · · xr−2
0
. . .
. . .
. . .
0 · · · 0 −1 x1
(4.17)
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Lemma 4.2. We have
G−(12 ) · · ·G
−(ℓ− 12 )Ωℓ = (−1)
ℓℓ! Sℓ(−χ)1
where Sℓ(−χ) = Sℓ(−χ−1, . . . ,−χ−ℓ, . . . ).
Proof. By using action (4.15) we get:
G−(12) · · ·G
−(ℓ− 12)Ωℓ
=
(
ℓΨ−(12 ) + χ−1Ψ
−(32 ) + · · · + χ−ℓΨ
−(ℓ+ 12 )
)
· · ·(
2Ψ−(ℓ− 32 ) + χ−1Ψ
−(ℓ− 12 ) + χ−2Ψ
−(ℓ+ 12)
) (
Ψ−(ℓ− 12 ) + χ−1Ψ
−(ℓ+ 12 )
)
Ωℓ
= det

χ−1 χ−2 · · · χ−ℓ
ℓ− 1 χ−1 χ−2 · · · χ−ℓ+1
0 ℓ− 2 χ−1 · · · χ−ℓ+2
0
. . .
. . .
. . .
0 · · · 0 1 χ−1

= (−1)ℓℓ! Sℓ(−χ−1, . . . ,−χ−ℓ, . . . )1.
(Here we use elementary properties of determinants and formula (4.17) for Schur polynomials).

Proposition 4.1. Assume that ℓ ∈ Z>0,
χ(z) =
ℓ+ 1
z
+
∞∑
n=1
χ−nz
n−1 ∈ C((z))
such that
Sℓ(−χ) 6= 0.
Then F˜χ is an irreducible V–module.
Proof. First we shall prove that the vacuum vector is a cyclic vector for the U(A)–action, i.e.,
U(A).1 = F˜ .(4.18)
Take an arbitrary basis element
v = Ψ+(−n1 −
1
2) · · ·Ψ
+(−nr −
1
2)Ψ
−(−k1 −
1
2 ) · · ·Ψ
−(−ks −
1
2)1 ∈ F˜ ,(4.19)
where ni, ki ∈ Z≥0, n1 > n2 > · · · > nr > 0, k1 > k2 > · · · > ks ≥ 0.
LetN ∈ Z≥0 such that N ≥ k1. By using (4.15) we get that
G−(−N − 12) · · ·G
−(−32)G
−(−12)1 = CΨ
−(−N − 12) · · ·Ψ
−(−32)Ψ
−(−12)1,
where
C = (ℓ+ 1)(ℓ+ 2) · · · (ℓ+N + 1)
9So C 6= 0, and we have that
Ψ−(−N − 12) · · ·Ψ
−(−32 )Ψ
−(−12)1 ∈ U(A).1.
By using this fact and the action of elements G+(i− 12 ), i ∈ Z, we obtain that v ∈ U(A).1. In this
way we proved (4.18).
It is enough to prove that every vector u ∈ F˜χ is cyclic. So let U = U(A).u. By using Lemma
4.1 we have that there is s ∈ Z>0 such that Ωs ∈ U . Assume that s > ℓ. Then clearly
G−(ℓ+ 32) · · ·G
−(s + 12 )Ωs = C1Ωℓ(4.20)
for certain non-zero constant C1. Similarly, if s < ℓwe see that
G+(ℓ+ 12) · · ·G
+(s+ 32)Ωs = C2Ωℓ, (C2 6= 0).(4.21)
Therefore we conclude that Ωℓ ∈ U .
Applying Lemma 4.2 we get
G−(12 ) · · ·G
−(ℓ− 12)Ωℓ = ν1, (ν 6= 0).
Thus 1 ∈ U = U(A).u. Now relation (4.18) gives that u is a cyclic vector in F˜χ. The proof
follows. 
Proposition 4.2. Assume that ℓ ∈ Z>0 and Sℓ(−χ) = 0.
(i) Then Uχ = U(A).Ωℓ is a proper submodule of F˜χ. In particular, F˜χ is reducible.
(ii) Uχ is an irreducible V–module.
Proof. Assume that Sℓ(−χ) = 0. Define
w = G−(32) · · ·G
−(ℓ− 12)Ωℓ
= ((−1)ℓ−1(ℓ− 1)!Ψ+(−ℓ− 12) + a1Ψ
+(−ℓ+ 12) + · · · + aℓ−1Ψ
+(−32))1
where a1, . . . , aℓ−1 are certain complex numbers.
Therefore w 6= 0. By using Lemma 4.2, the assumption Sℓ(−χ) = 0 and the definition of w we
get
G±(n− 12)w = 0 for n ∈ Z>0.
One can easily show that
G+(−ℓ+ 12) · · ·G
+(−32)w = CΩℓ (C 6= 0),
which implies that Uχ = U(A).w. Every element of Uχ is a linear combination of vectors
G−(−n1 −
1
2) · · ·G
−(−nr −
1
2)G
+(−m1 −
1
2) · · ·G
+(−ms −
1
2 )w,(4.22)
for ni,mi ∈ Z≥0, n1 > n2 > · · · > nr, m1 > m2 > · · · > ms. But a vector (4.22) is either zero (if
G+(−m1−
1
2 ) · · ·G
+(−ms−
1
2)w = 0) or has the following non-trivial summand of lowest degree
in F˜ (with respect to Lf (0))
CΨ−(−n1 −
1
2) · · ·Ψ
−(−nr −
1
2)Ψ
+(−m1 −
1
2) · · ·Ψ
+(−ms −
1
2 )w
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whereC 6= 0. From this one gets that 1 /∈ Uχ. Therefore F˜χ is a reducible module with the proper
submodule Uχ. This proves assertion (i).
Assume now that U ⊂ Uχ is a non-zero submodule. Then Lemma 4.1 implies that there is
s ∈ Z≥0 such that Ωs ∈ U . By using relations (4.20) and (4.21) from the proof of Proposition 4.1
we see that Ωℓ ∈ U . Therefore U = U(A)Ωℓ = Uχ and Uχ is an irreducible A–module. This
proves assertion (ii). 
Proposition 4.3. Assume that ℓ ∈ Z, ℓ < 0.
(i) F˜χ is reducible and Jχ = U(A).1 is its proper submodule.
(ii) Jχ is an irreducible V–module.
Proof. Let q = −ℓ− 1. Then
G(n− 12) = −(q + n)Ψ
−(n− 12) +
∞∑
n=1
χ−nΨ
−(n+ i− 12 ).
By using similar arguments as in the proof of Proposition 4.2 one can see that Ψ−(−q − 12)1 /∈
Jχ which gives reducibility of F˜χ. The proof that submodule Jχ is irreducible is completely
analogous to that of Proposition 4.2 (ii). 
Note that Uχ and Jχ are Z–graded V–modules with respect to J
f (0):
Uχ =
⊕
i∈Z
U iχ, U
i
χ = {v ∈ Uχ| J
f (0)v = iv},(4.23)
Jχ =
⊕
i∈Z
J iχ, J
i
χ = {v ∈ Jχ| J
f (0)v = iv}.(4.24)
Now we are able to classify χ ∈ C((z)) such that F˜χ is irreducible. We have proved the
following classification result.
Theorem 4.1. Assume that χ ∈ C((z)). Then the V–module F˜χ is irreducible if and only if χ satisfies
one of the following conditions:
(i) There is p ∈ Z≥0, p ≥ 1 such that
χ(z) =
∞∑
n=−p
χ−nz
n−1 ∈ C((z)) and χp 6= 0.
(ii)
χ(z) =
∞∑
n=0
χ−nz
n−1 ∈ C((z)) and χ0 ∈ {1} ∪ (C \ Z).
11
(iii) There is ℓ ∈ Z≥0 such that
χ(z) =
ℓ+ 1
z
+
∞∑
n=1
χ−nz
n−1 ∈ C((z))
and Sℓ(−χ) 6= 0.
5. WAKIMOTO MODULES
We shall first recall the definition of the Wakimoto modules at the critical level (cf. [F], [W]).
The Weyl vertex algebraW is generated by the fields
a(z) =
∑
n∈Z
a(n)z−n−1, a∗(z) =
∑
n∈Z
a∗(n)z−n,
whose components satisfy the commutation relations for the infinite-dimensional Weyl algebra
[a(n), a(m)] = [a∗(n), a∗(m)] = 0, [a(n), a∗(m)] = δn+m,0.
Assume that χ(z) ∈ C((z)).
On the vertex algebraW exists the structure of theA
(1)
1 –module at the critical level defined by
e(z) = a(z),
h(z) = −2 : a∗(z)a(z) : −χ(z)
f(z) = − : a∗(z)2a(z) : −2∂za
∗(z)− a∗(z)χ(z).
This module is called the Wakimoto module and it is denoted byW−χ.
Let F−1 be the lattice vertex superalgebra VL associated to the lattice L = Zβ, where 〈β, β〉 =
−1 (cf. [A1],[K2], [LL]). Then F−1 has the following Z–gradation (cf. [A2]):
F−1 =
⊕
j∈Z
F j−1, F
j
−1 = {v ∈ F−1 | β(0)v = −jv}.
In [A2], we constructed mappings Ls, s ∈ Z, from the category of V–modules to the category
of A
(1)
1 –modules at the critical level. Let V−2(sl2) denotes the universal affine vertex algebra for
A
(1)
1 at the critical level, and MT (0) be the commutative subalgebra of V generated by the field
T (z).
Theorem 5.1 ([A2], Theorem 6.2). Assume that U is a V–module which admits the following gradua-
tion:
U =
⊕
j∈Z
U j, V i · U j ⊂ U i+j .
Then
U ⊗ F−1 =
⊕
s∈Z
Ls(U) Ls(U) =
⊕
i∈Z
U i ⊗ F−s+i−1
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and each Ls(U) is an V−2(sl2) ⊗MT (0)–module. If U is irreducible, then Ls(U) is an irreducible A
(1)
1 –
module at the critical level.
In particular, the map L0 sends V–module F˜χ to the Wakimoto moduleW−χ and
W−χ ∼= L0(F˜χ) =
⊕
j∈Z
F˜ jχ ⊗ F
j
−1.
Recall first:
Theorem 5.2. ([A2]) Assume that F˜χ is an irreducible V–module. ThenW−χ is irreducible A
(1)
1 –module
at the critical level.
In the case of Wakimoto modules the converse is also true.
Theorem 5.3. Assume that F˜χ is reducible. Then the Wakimoto moduleW−χ is also reducible.
Proof. Assume thatN ⊂ F˜χ is any proper submodule. Take s ∈ Z>0 such thatΩs ∈ N (cf. Lemma
4.1) and define U = U(A).Ωs ⊆ N . Then U admits the Z–gradation
U =
⊕
j∈Z
U j
where
U j = {v ∈ U | Jf (0)v = jv} ⊂ F˜ jχ.
Then by using Theorem 5.1 we conclude that
L0(U) =
⊕
j∈Z
U j ⊗ F j−1
is an A
(1)
1 –module and it is a proper submodule of the Wakimoto module W−χ. The proof fol-
lows. 
Corollary 5.1. The Wakimoto moduleW−χ is irreducible if and only if χ(z) ∈ C((z)) satisfies one of the
conditions (i)-(iii) of Theorem 4.1.
In the case when the moduleW−χ is reducible, it contains irreducible submodule.
Corollary 5.2. Let χ(z) = ℓ+1
z
+
∑∞
n=1 χ−nz
n−1 and ℓ ∈ Z.
(i) Assume that ℓ ∈ Z>0 and Sℓ(−χ) = 0. Then
L0(Uχ) =
⊕
i∈Z
U iχ ⊗ F
i
−1
is an irreducible submodule ofW−χ.
(ii) Assume that ℓ < 0. Then
L0(Jχ) =
⊕
i∈Z
J iχ ⊗ F
i
−1
is an irreducible submodule ofW−χ.
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Proof. Propositions 4.2 and 4.3 imply that Uχ and Jχ are irreducible V-modules which are Z
graded with graduations (4.23) and (4.24). Then Theorem 5.1 implies that L0(Uχ) and L0(Jχ) are
irreducible A
(1)
1 –modules. The proof follows. 
Remark 5.1. In the case of reducible Wakimoto modules from Corollary 5.2 one can consider the action
of sl2 onW−χ and the maximal sl2–integrable submoduleW
int
−χ ofW−χ. It is clear that W
int
−χ is a proper
A
(1)
1 – submodule ofW−χ. By combining our results and the results from [FG] and [ACM] one can easily
show that L0(Uχ) = W
int
−χ when ℓ > 0 (resp. L0(Jχ) = W
int
−χ when ℓ < 0). So our method shows that
the maximal integrable submodule of the Wakimoto moduleW−χ is irreducible ŝl2–module at the critical
level.
Remark 5.2. It is interesting to look at the case ℓ = 1 and χ(z) = 2
z
+
∑∞
n=1 χ−nz
n−1. Then the
Wakimoto module W−χ is irreducible if χ−1 6= 0 and reducible if χ−1 = 0. The reducible Wakimoto
modulesW−χ such that
χ(z) =
2
z
+
∞∑
n=2
χ−nz
n−1
(i.e., χ−1 = 0) were studied in [FFR].
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